Abstract. We discuss the ribbon-move for 2-knots, which is a local move. Let K and K ′ be 2-knots. Then we have: Suppose that K and K ′ are ribbon-move equivalent.
(2) B ∩ K 1 is drawn as in Figure 1 .1. B ∩ K 2 is drawn as in Figure 1 .2.
We regard B as (a closed 2-disc)×[0, 1] × {t| − 1 ≦ t ≦ 1}. We put B t =(a closed 2-disc)×[0, 1] × {t}. Then B = ∪B t . In Figure 1 .1 and 1.2, we draw B −0.5 , B 0 , B 0.5 ⊂ B. We draw K 1 and K 2 by the bold line. The fine line denotes ∂B t .
B ∩ K 1 (resp. B ∩ K 2 ) is diffeomorphic to D 2 ∐ (S 1 × [0, 1]), where ∐ denotes the disjoint union.
B ∩ K 1 has the following properties: B t ∩ K 1 is empty for −1 ≦ t < 0 and 0.5 < t ≦ 1. B ∩K 2 has the following properties: B t ∩K 2 is empty for −1 ≦ t < −0.5 and 0 < t ≦ 1.
] to have the corner in B 0 and in B −0.5 . Strictly to say, B ∩ K 1 in B is a smooth embedding which is obtained by making the corner smooth naturally.)
In Figure 1 .1 (resp. 1.2) there are an oriented cylinder S 1 × [0, 1] and an oriented disc D 2 as we stated above. We do not make any assumption about the orientation of the cylinder and the disc. The orientation of B ∩ K 1 (resp. B ∩ K 2 ) coincides with that of the cylinder and that of the disc. Figure 1 .2. Suppose that K 2 is obtained from K 1 by one ribbon-move and that K ′ 2 is equivalent to K 2 . Then we also say that K ′ 2 is obtained from K 1 by one ribbon-move. If K 1 is obtained from K 2 by one ribbon-move, then we also say that K 2 is obtained from K 1 by one ribbon-move. Definition 1.2. Two 2-knots K 1 and K 2 are said to be ribbon-move equivalent if there are 2-knots
by one ribbon-move. Problem 1.3. Let K 1 and K 2 be 2-knots. Find a necessary (resp. sufficient, necessary and sufficient ) condition that K 1 and K 2 are ribbon-move equivalent.
In [13] the author proved: 
where µ( ) is the µ( ) invarinat of 2-knots defined naturally from the µ( ) invariant of 3-manifolds.
(2)Let K 1 and K 2 be 2-knots in S 4 . Suppose that K 1 are ribbon-move equivalent to K 2 . Let W i be an arbitrary Seifert hypersurface for K i . Then the torsion part of {H 1 (W 1 ) ⊕ H 1 (W 2 )} is congruent to G ⊕ G for a finite abelian group G. (3)Not all 2-knots are ribbon-move equivalent to the trivial 2-knot. (4)The converse of (1) is not true. The converse of (2) is not true.
Main results
Let K be a 2-knot. Let X ∞ K be the canonical infinite cyclic covering space for K.
Theorem 2.1. Let K and K ′ be 2-knots. Suppose that K and K ′ are ribbon-move equivalent. Then there is an isomorphism
where the homomorphism c is not only one as Z-modules but also one as Z[t, t −1 ]-modules, with the following properties.
where lk( ) denotes the Farber-Levine pairing. That is, the Farber-Levine pairing on
That is, the set of the values of the Q/Z-valuedη invariants for K is equivalent to that for K ′ .
Note. Theorem 2.1 (2) is a new result in this paper. Theorem 2.1 other than (2) is proved in [14] .
Note. See [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] for the Alexander module, the Farber-Levine pairing, the η-invariants of 2-knots, and the related topics.
Proof of Theorem 2.1(2)
By using [14] , we prove Theorem 2.1(2). we complete the proof of Theorem 2.1.
Proposition 3.1. Let V be a closed oriented 3-manifold. Let α, β : H 1 (V ; Z) → Z p be homomorphisms, where p is a natural number greater than one. Let {t 1 , ..., t µ } be a set of generators of Tor H 1 (V ; Z). Suppose that α(t i ) = β(t i ) for each i. Then we have
Proof of Proposition 3.1. Recall that the homomorphism α (resp. β) induces a continuous map V → K(Z p , 1), call it α (resp. β) again. Let T i be a tubular neighborhood 1) with the following properties. Proof of Claim 3.2. Since V − N is a compact oriented 3-manifold with boundary and ∂(V − N) = φ, there is a handle decomposition of one 0-handle, 1-handles, and 2-handles. By using this handle decomposition, we can calculate H i (V − N; Z). Hence we have TorH i (V − N; Z) ∼ = 0 for i = 1.
By the Poincaré duality, the universal coefficient theorem, and the excision, we have TorH 1 (V − N; Z) ∼ = TorH 1 (V − N, ∂(V − N); Z) ∼ = TorH 1 (V, N; Z). Consider the MayerVietoris exact sequence: 
By the definition of N, it holds that
and consider the following part:
By applying the Poincaré duality and the universal coefficient theorem, we can obtain 
is the zero map. Hence we have an exact sequence:
Hence H 1 (M; Z) is torsion free. This completes the proof of Claim 3.3.
Proof of Claim 3.4. By an elementary discussion on homomorphisms, we have the following commutative diagram.
The above commutative diagram induces the following commutative diagram.
The above commutative diagram induces the following homomorphism.
By bordism theory, we have Ω Note. Furthermore we could prove: Let X and Y be closed oriented 3-manifolds. Suppose that there is an isomorphism c : TorH 1 (X; Z) → TorH 1 (Y ; Z) such that lk(ǫ, δ) = lk(c(ǫ), c(δ)) for any pair of elements ǫ, δ ∈ TorH 1 (X; Z). Let f : X → BZ p and g : Y → BZ p be continuous maps such that the homomorphism f ⋆ | Tor : TorH 1 (X; Z) → Z p and
Recall we prove the following in [14] [?].
Proposition 3.5. Suppose that K < is obtained from K > by one ribbon move. Then we have the following.
(1) There are Seifert hypersurfaces V < for K < and
, and a diffeomorphism h : V <,ξ → V >,ξ such that we have the following commutative diagram.
. Let lk( , ) denote the Farber-Levine pairing. Then lk(x, y) = lk(c(x), c(y)).
We prove: Proposition 3.6. We can add the following condition (4) to Proposition 3.5.
• c. Then we haveη(K < , α < ) =η(K > , α > ). That is, the set of the values of the η-invariants of the 2-knot K < coincides with that of K > as above.
Proof of Proposition 3.6. By the definition of theη-invariants of 2-knots, we havẽ η(K < , α < ) =η(V < , α < • ι < ) mod Z and η(K > , α > ) =η(V > , α > • ι > ) mod Z. By using the commutative diagram in Proposition 3.5, we have (α < |Tor) • (ι < |Tor) = (α > |Tor) • c • (ι < |Tor) = (α > |Tor) • (ι > |Tor) • h : TorH 1 (V < ; Z) → Z p . Hence we havẽ
This completes the proof of Proposition 3.6.
By using Proposition 3.6 some times, Theorem 2.1 holds.
t=-0.5 t=0 t=0.5 
